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Motivated by recent experiments, we present a comprehensive theoretical study of the geometri-
cally frustrated strongly correlated magnetic insulator Mn3O4 spinel oxide based on a microscopic
Hamiltonian involving lattice, spin and orbital degrees of freedom. Possessing the physics of degen-
erate eg orbitals, this system shows a strong Jahn-Teller effect at high temperatures. Further, careful
attention is paid to the special nature of the superexchange physics arising from the 90o Mn-O-Mn
bonding angle. The Jahn-Teller and superexchange-based orbital-spin Hamiltonians are then anal-
ysed in order to track the dynamics of orbital and spin ordering. We find that a high-temperature
structural transition results in orbital ordering whose nature is mixed with respect to the two orig-
inally degenerate eg orbitals. This ordering of orbitals is shown to relieve the intrinsic geometric
frustration of the spins on the spinel lattice, leading to ferrimagnetic Yafet-Kittel ordering at low-
temperatures. Finally, we develop a model for a magnetoelastic coupling in Mn3O4, enabling a sys-
tematic understanding of the experimentally observed complexity in the low-temperature structural
and magnetic phenomenology of this spinel. Our analysis predicts that a quantum fluctuation-driven
orbital-spin liquid phase may be stabilised at low temperatures upon the application of pressure.
PACS numbers: 71.27.+a,75.25.Dk,75.50.Gg
I. INTRODUCTION
Frustrated magnetic systems with orbital degeneracy
present an interesting play ground for the exploration of
novel ordered as well as liquid-like states. Frustration
leads very naturally to macroscopic degeneracy in the
ground state and a concomitant lack of equilibrium spin
ordering. Such spin liquid states have been proposed in
theoretical studies of several systems with different types
of geometrically frustrated lattices, as well as in exper-
iments performed on some candidate materials1–3. It is
important to note, however, that typical material systems
of interest in quantum magnetism also possess orbital and
lattice degrees of freedom. The interaction among these
three can lead to a variety of emergent ordered states.
For instance, degenerate orbital degrees of freedom in-
teract in a cooperative manner with fluctuations of the
lattice via the Jahn-Teller effect4–6, inducing orbital or-
dering along with a static global distortion of the lattice.
From the seminal work of Kugel and Khomskii7,8, it is
well known that strong electronic correlations give rise to
superexchange-related interactions between and among
the orbital and spin degrees of freedom. The resultant
ordering of orbitals and spins can then be strongly tied
to each other. Further, the coupling of spin and lattice
degrees of freedom can also be shown to have interest-
ing consequences for spin ordering9,10. In this way, the
presence of multiple couplings between various degrees
of freedom leads generically to the separation of energy
scales at which the ordering of the orbitals and spins
takes place11–14. Equally importantly, such interactions
also offer multiple ways by which the system can relieve
any inherent frustration among the spins and attain the
ordering of spins.
Since orbital-spin interactions depend strongly on the
metal-ligand-metal bonding angle in strongly correlated
insulators15,16, a transition metal insulator on the geo-
metrically frustrated spinel lattice with orbital, spin and
lattice degrees of freedom offers the exciting prospect
of finding diverse physical phenomena across a wide
scale of energies. In this light, the spinel Mn3O4 is
an ideal candidate system in which the complex inter-
play of various spin-orbital-lattice interactions have been
studied17–23. However, the microscopic mechanism that
relieves the geometric frustration inherent in the spinel
structure and leads to the ferrimagnetic Yafet-Kittel or-
dering of spins at low temperatures remain unknown24.
Further, the superexchange mechanism for electronic cor-
relations in the Mn3O4 spinel is likely different from the
other well-studied transition-metal(TM) perovskite sys-
tems25,26. The active orbitals on the nearest-neighbour
TM sites in the former are orthogonally directed with re-
spect to one another, while they are aligned in the latter.
This renders inapplicable our intuition of orbital ordering
based on the phenomenological Goodenough-Kanamori-
Anderson(GKA) rules learnt from studies of perovskite
systems.
Experiments show that at 1443K, Mn3O4 undergoes
a structural transition from cubic to tetragonal lattice
symmetry17–21,27–29. This material also has three differ-
ent magnetic transitions, with the first being a transi-
tion from a paramagnetic phase to a three dimensional
canted ferrimagnetic Yafet-Kittel spin ordering at 43K.
In the Yafet-Kittel phase, the magnetic unit cell pos-
sesses two Mn2+(A-type) spins aligned along the [110]
direction, together with a tetrahedra of four Mn3+(B-
type) spins whose net moment is antiparallel to the Mn2+
spins, but with each of the four spins being canted away
from the c-axis ([001] direction) and towards the [1¯1¯0]
direction. This compound has further magnetic transi-
tions at 39K and 33K. Between these two transitions, the
magnetic unit cell becomes incommensurate with respect
to the chemical unit cell. Another structural transition,
from tetragonal to orthorhombic lattice symmetry20, is
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2observed at 33K and the Yafet-Kittel magnetic order is
again attained, but with a unit cell doubled along the
[110] direction with respect to the ordered phase at 43K.
Experiments also show that the magnetic transitions are
associated with a significant change in the dielectric con-
stant, indicating a strong spin-lattice coupling19,21,22,30.
In this work, we attempt a qualitative understanding
of underlying physics of ordering in the Mn3O4 spinel by
the development of a microscopic model for the obrital,
spin and lattice degrees of freedom. Keeping in mind
the special 90o TM atom-ligand atom-TM atom bond-
ing angle in Mn3O4 (a typical Mn
3+ tetrahedra is shown
in Fig.(1)), we carry out a systematic derivation of the
orbital-spin Hamiltonian. We then carry out a varia-
tional analysis of this Hamiltonian to find the nature of
orbital ordering at higher energy scales and resultant spin
ordering at lower energies. In understanding the low tem-
perature structural transition (tetragonal to orthorhom-
bic) and associated magnetic and orbital orders, we also
develop a model for the spin-lattice interaction in this
system. This paper is organised as follow. In section II,
we derive the orbital-spin model. In section III, we anal-
yse this Hamiltonian and discuss our results for orbital
ordering. Using the orbital order found in section III, we
then compute the magnetic interaction in different crys-
tallographic planes in section IV, along with a discussion
of spin ordering at low temperatures. In section V, we
develop a model for the spin-lattice interaction and relate
our results to explain some experimental facts. We end
with a concluding section.
FIG. 1. (Color online.) Schematic diagram of a Mn3O4
unit cell. Four orbitally active Mn3+ ions (red spheres) form
a tetrahedron. The Mn3+ ions are connected via Oxygen
ions (gray spheres), with the Mn-O-Mn bonding angle being
90o. There are also two orbitally non-active Mn2+ ions (green
spheres) present in the unit cell.
II. SPIN-ORBITAL HAMILTONIAN
The Mn3O4 spin-orbital model is based on the spinel
lattice, where nearest neighbour transition metal ions are
connected via Oxygen ligand atoms with ion-Oxygen-ion
bond angle of 90o. Due to the presence of a crystal field,
the 3d electron levels of Mn3+ ion split into t2g and eg
levels22. Further, for an on-site Hubbard repulsion on
the transition metal ion that is much greater than the
crystal field splitting, the Mn3+ ion’s 4 d-electrons form
a high spin configuration with spin S=2 31. As shown by
Mostovoy et al.15 and Reitsma et al.16 for the case of a
90o TM-O-TM bond angle, the Anderson superexchange
process (where an electron is effectively transferred from
one metal ion site to the other metal ion site) is consid-
erably weaker than the Goodenough superexchange pro-
cess (where two electron transfer from the ligand Oxy-
gen ion, one to each of the neighbour metal ions). The
Goodenough superexchange process is schematically rep-
resented as
e1p6e1 → e1p5e2 → e2p4e2 → e1p5e2 → e1p6e1 , (1)
where e and p represent the eg orbital on the transition
metal (Mn3+) and p orbital on the ligand (O) sites re-
spectively. The effective spin-orbital Hamiltonian is ob-
tained from fourth-order perturbation theory. As shown
in figure (2), in the excitation process of the superex-
change mechanism (SE), one electron hops from a pα
orbital of the ligand Oxygen atom to the left Mn3+ ion
eg orbital, while another electron hops from a pβ orbital
of the same Oxygen atom to the down Mn3+ ion orbital.
In the de-excitation process, excited electrons return to
the Oxygen atom by reversing the hopping pathway. In
this way, correlations build between the two Mn3+ ions
and contribute to the SE. The relevant Mn3+ eg states
FIG. 2. Four-step SE process for a M-type initial configura-
tion (following notations of 16). An oval represents the Mn3+
ion with one eg electron either in the non-hopping orbital
(dβ2−γ2) on the left or the hopping orbital (d3α2−r2) on the
right. A circle represents an Oxygen ion with the electrons in
the p-orbitals. T, D, G and S are excited states of the Mn3+
ion. The triplet t and singlet s are excited state configurations
of the Oxygen ion. Note that {α, β, γ} a cyclic permutation
of {x, y, z}.
3are 4A2,
4E, 4A1 and
6A1. Of these, the first is a sin-
glet (S), the second and third are Hund’s-split orbital
doublets (D,G) and the fourth is a triplet (T), with en-
ergy ES = U +
10
3 JH , ED = U +
2
3JH ,EG = U and
ET = U − 5JH 31,32 respectively. The oxygen p4 con-
figurations that occurr during the superexchange pro-
cess include a triplet 3T1 (t) and singlet
1T2 (s) with
energy Up − Jp and Up + Jp respectively. Here U , JH
and Up, Jp are the interorbital Coulomb repulsion and
Hund’s exchange couplings on the Mn3+ and Oxygen ion
sites respectively. In deriving the complete spin-orbital
Hamiltonian, we follow the formulation and notations of
Ref.(16). While the detailed derivation is presented in an
appendix, we present here the results. It should be noted
that, in reaching the spin-orbital Hamiltonian, one must
list all possible initial configurations (electron’s position
on hopping or non-hopping orbital of Mn-sites), and for
each of them list all possible hopping sequences that re-
turn to the ground state manifold. Thus, the spin-orbital
Hamiltonian we begin with has the form
Heff =
∑
〈ij〉
(QαβO,ij [KTOQTij +KSOQSij ] +QαβM,ij [KTMQTij
+KSMQ
S
ij ] +QαβN,ij [KTNQTij +KSNQSij ]) (2)
where Q’s are the orbital projection operator denoted by
QαβO,ij = Pαi Pβj + Pβi Pαj ,
QαβM,ij = Pαi P β¯j + P α¯i Pβj + Pβi P α¯j + P β¯i Pαj ,
QαβN,ij = P α¯i P β¯j + P β¯i P α¯j , (3)
where Pαi = ( 12Ii + Iαi ) and P α¯i = ( 12Ii − Iαi ) are projec-
tion operators for the hopping and non-hopping orbitals
respectively. The (rotated) orbital pseudospin operators
(I) are given by
I
x/y
i = −
1
2
T zi ∓
√
3
2
T xi , I
z
i = T
z
i , (4)
where T represents the pseudospin operators for the two-
fold degenerate eg orbital system, with the orbital Hilbert
space at each site given by(
1
0
)
= |3z2 − r2〉 ,
(
0
1
)
= |x2 − y2〉 . (5)
The orbital projection operators decide the precise con-
figuration of the orbitals on any two Mn3+ ions connected
by a hopping pathway, e.g., whether both orbitals are oc-
cupied by an electron each (denoted by “O”), any one of
the two orbitals occupied (denoted by “M”) and neither
orbital occupied (denoted by “N”). Further, Q are spin
projection operators denoted by
QTij =
1
10
(6 + ~Si.~Sj), Q
S
ij =
1
10
(4− ~Si.~Sj) , (6)
where T stands for triplet and S for singlet spin config-
urations at Mn-sites. Finally, the Ks are various spin-
orbital superexchange (SE) constants.
The Hamiltonian may be separated into purely-orbital
and spin-orbital parts as follows
Heff =
∑
〈ij〉
([JoOQαβO,ij + JoMQαβM,ij + JoNQαβN,ij ]1ij
+[JSOQαβO,ij + JSMQαβM,ij + JSNQαβN,ij ]~Si.~Sj), (7)
with inter-orbital and spin-orbital interaction constants
given by
JoL =
1
10
(6KTL+4K
S
L), J
S
L =
1
10
(KTL −KSL)
(L = O,M,N) . (8)
In order to calculate the SE constant, one has to consider
closely at the four-step superexchange process. As an ex-
ample, consider the M intial configuration (as shown in
figure (2)). Here, a single electron (with spin-up) oc-
cupies a non-hopping orbital (dβ2−γ2) on the ith site of
Mn3+, while another electron (with spin-down) occupies
the hopping orbital (d3β2−r2) on the jth site; we refer
to this initial state as |M, ↑↓〉. The corresponding con-
tribution to the SE coupling is denoted by [M, ↑↓; ↓↑],
where the final (↓↑) denote the configuration of hopping
electrons from the oxygen sites. As we will see below,
[M, ↑↓; ↓↑] involve contributions from 12 possible dou-
bly excited states denoted succinctly by [XvY ], with
X,Y {T,D, S,G} and v{t, s} :
[M, ↑↓; ↓↑] = 1
3
([TtD] + [TtS] + [DtD] + [DtS] + [TsD]
+[TsS] + [DsD] + [DsS] + [GtD]
+[GtS] + [GsD] + [GsS]) (9)
with
[XvY ] =
t4
4
∆X + ∆Y
∆2X∆
2
Y
Uv
∆X + ∆Y + Up − Jp (10)
where Us = Up + Jp, Ut = Up − Jp and ∆T = ∆ −
4JH ,∆D = ∆ +
5
3JH ,∆S = ∆ +
13
3 JH ,∆G = ∆ + JH
and ∆ = U − JH . Here t is the charge transfer ampli-
tude. The factor 1/3 takes care of the three-fold pro-
cesses arising from the T , D and G spin configurations
of an excited state (see Fig.(2)). Note that we have four
sequences of excitation and de-excitation processes for
a given intermediate doubly-excited state. The “O” and
“N” configurations are taken account of in a similar man-
ner (see appendix (V) for more detail).
The complete spin-orbital Hamiltonian can then be
written in a compact notation as follows
Heff =
∑
〈i,j〉,α 6=β
JτWαβij
+
∑
〈ij〉,α 6=β
(−Jσ1ij + JνVαβij − JµWαβij )~Si.~Sj ,
(11)
where Vαβij = −1i(Iαj + Iβj ) − (Iαi + Iβi )1j and Wαβij =
2(Iαi I
β
j + I
β
i I
α
j ), with the first term denotes inter-orbital
4interactions and the second term to spin-orbital interac-
tions. It is also worth noting that the form of the inter-
orbital superexchange Hamiltonian and the Jahn-Teller
Hamiltonian derived from phonon-orbital interactions for
the spinel lattice33 are the same.
The complete form of the various J superexchange con-
stants are presented in the appendix. It is, however, im-
portant to note that among all these SE couplings, only
Jν is negative for the Mn3O4 spinel (see figure (3)). Fur-
ther, it is clear from figure (3) that the inter-orbital in-
teraction Jτ is much greater than all spin-orbital interac-
tions. Thus, orbital ordering must dominate the physics
of this Hamiltonian at high energy-scales.
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FIG. 3. (Color online.) A plot of various superexchange in-
teraction constants (in units of J = t4/∆3) as a function of
Up/∆ for Jp/Up = 0.1 and JH/∆ = 0.14 : (a) Orbital su-
perexchange constant Jτ ; (b) spin-orbital superexchange con-
stants Jµ, Jν and Jσ. Estimates of some of the parameters for
Mn3O4 from the literature are Up/∆ = 0.909, JH = 0.69eV ,
U = 7.3eV , and ∆ = 5.5eV .16,31,34,35
III. VARIATIONAL ANALYSIS OF THE
INTER-ORBITAL HAMILTONIAN
Recalling the fact that among different superexchange
constants, the inter-orbital superexchange term (Jτ )
dominates over all other exchange terms (see figure(3)),
we analyse the inter-orbital part of the Hamiltonian first
in order to obtain the orbital ordering that will set in at
high energy-scales. The form of the inter-orbital mean
field Hamiltonian is given by
HMF =
∑
〈i,j〉,α6=β
Jτ 〈Wαβij 〉 . (12)
We use a general superposition of the orbital basis-state
for a variational analysis
|θi〉 = cos(θi/2)|3z2 − r2〉+ sin(θi/2)|x2 − y2〉 , (13)
such that the expectation value of the orbital operator
Wij acting on the direct-product orbital state specifying
the bond lying between the ith and jth sites, |θi〉 ⊗ |θj〉,
is obtained as
〈Wαβij 〉=
1
4
[2 cos(θi + θj)− cos(θi − θj)]xy
+
1
4
[2 cos(θi + θj − 4pi
3
)− cos(θi − θj)]xz
+
1
4
[2 cos(θi + θj +
4pi
3
)− cos(θi − θj)]yz .(14)
Here, the suffix at the end of each bracket indicates the
plane on which the particular Mn-O-Mn bond lies within
a given Mn3+ tetrahedron.
It can be shown that, for the case of 900 bonding
between the transition metal ions, a ferro-orbital (FO)
configuration (θi ' θj) is favoured energetically over a
canted-orbital (CO) configuration (θi ' θj±pi)8,16. Con-
sidering these subtleties in our analysis, we compute the
variational ground state orbital ordering for the Mn3O4
spinel. The variational energy for this FO configura-
tion of a tetragonally distorted spinel (lattice lengthscale
along the c-axis is greater than that along the a and b
axes, c > a = b) is found to be
E(θ) =
Jτ
4
[2(1− β) cos 2θ − (1 + 2β)] , (15)
where the XY -plane superexchange constant is given by
Jabτ = Jτ , and the XZ and Y Z-plane constants by J
ac
τ =
Jbcτ = βJτ , β < 1 .
Energy minimization then yields θ = ±pi/2, with the
corresponding orbitals being the so-called mixed orbital
ordering13,16,36–38 : |θ = ±pi2 〉 = 1√2 |3z2 − r2〉 ± 1√2 |x2 −
y2〉 . This orbital ordering has a two-fold degeneracy
shown in figure (4)), reflecting the a = b axes symmetry
of the tetragonally distorted spinel.
A. Computation of spin exchange couplings
The spin-orbital Hamiltonian (11) shows that the dy-
namics of the orbitals and spins degrees of freedom
are coupled to one other. This implies orbital order-
ing must dictate low temperature spin ordering. Thus,
once orbital-ordering is obtained, one can use the orbital-
ordering angle θ = ±pi/2 in the spin-orbital Hamiltonian
5FIG. 4. (Color online.) The mixed orbital state for (a) orbital
angle θ = +pi/2 and (b) orbital angle θ = −pi/2.
in deriving an effective spin exchange interaction between
spins in different crystallographic directions. In the three
crystallographic planes (XY , XZ and Y Z), the effective
spin Hamiltonian has the form (upon neglecting the small
Jσ term in equn. (11)),
Hspinxy (θ = ±pi/2) = 0.75Jµ ~Si. ~Sj = JBB ~Si. ~Sj ,
Hspinxz (θ = ±pi/2) = ±0.865α¯|Jν | ~Si. ~Sj = ±J ′BB ~Si. ~Sj
Hspinyz (θ = ±pi/2) = ∓0.865α¯|Jν | ~Si. ~Sj = ∓J ′BB ~Si. ~Sj .
(16)
In obtaining the equations (16), we have used the ex-
pression for the expectation values of the orbital opera-
tors Wij (equation (14)) and 〈Vαβij 〉 = cos((θi + θj)/2 +
χγ) cos((θi − θj)/2), where χγ = 4pi/3,−4pi/3 and 0 for
γ = x, y, z respectively and {α, β, γ} is a cyclic permu-
tation of {x, y, z}. For a system with tetragonal sym-
metry, the ratio of superexchange-based spin exchange
couplings α¯(≡ Jxzν (Jyzν )/Jxyν ) < 1 . Our results show
that the antiferromagnetic spin-exchange between the B-
type moments (i.e., Mn3+ ions) in the XY planes is given
by JBB = 0.75Jµ. However, the exchange coupling be-
tween B-type moments in the other planes is considerably
weaker in value, J ′BB = 0.865α¯ |Jν |  JBB , and can be
either ferromagnetic or antiferromagnetic depending on
the sign of the orbital angle θ. As a result, the geometri-
cal frustration inherent in a Mn3+ tetrahedron is relieved
by the mixed nature of the orbital-ordered ground state.
B. Spin ordering in the Mn3O4 spinel
While the Mn3O4 spinel system undergoes a structural
phase transition from cubic to tetragonal (and conse-
quent orbital ordering) at 1400K, spin ordering happens
only at around 42K. The reason for a lack of spin ordering
in a temperature range as large as 42K < T < 1400K is
indicated by the low values of the various spin exchange
constants with respect to the inter-orbital coupling. The
largest of these spin exchange coupling, JBB > 0, leads to
the formation of one-dimensional antiferromagnetic spin
chains in the [110] and [11¯0] directions in this tempera-
ture range. While the Mn3+ spins are S = 2, the large
on-site Hunds coupling ensures that only the Sz = ±2
is manifest in the dynamics. In effect, we can treat the
spins as effectively spin-1/2, with any 1D chain having
two degenerate classical Nee´l-type ground-state configu-
rations. As is well known, such 1D spin chains cannot
FIG. 5. (Color online.) Schematic diagram of a Yafet-Kittel
ferrimagnetic spin configuration in Mn3O4 spinel. Two Mn
2+
spins align ferromagnetically along [110] direction whereas
four Mn3+ spin cant toward [1¯1¯0] direction with a resultant
moment along [1¯1¯0]. The inset shows another Yafet-Kittel
configuration which is degenerate with that shown in the main
figure.
display any true long-ranged ordering of spins at any
finite temperature; at best, a quasi-long ranged (or al-
gebraic) order is obtained39. Thus, a true long-ranged
spin ordering can only be obtained at low-temperatures
through weaker spin exchange couplings, including the
antiferromagnetic Mn3+-Mn2+ coupling (JAB) and the
inter-chain spin exchange couplings J ′BB (some of which
are ferromagnetic, and some antiferromagnetic, in na-
ture)24,40.
In order to understand the appearance of the ferri-
magnetic Yafet-Kittel (Y-K) long-ranged spin order at
low-temperatures, we will consider the competing inter-
actions within a single Mn-ion complex of 2 Mn2+ spins
and a tetrahedron of 4 Mn3+ spins. The canting of the
Mn3+ spins in the Y-K state can be seen to arise from
having to satisfy the weak antiferromagnetic Mn3+-Mn2+
coupling (JAB) together with the in-chain Nee´l order due
to JBB . The yet weaker spin exchange couplings J
′
BB
and JAA help relieve the frustration and stabilise the Y-
K ground state41–44. Note that the antiferromagnetic
nature of JAB , together with the canting of the Mn
3+
spins, will lead to a ferrimagnetic ground state: the 4
Mn3+ spins will possess a total magnetic moment smaller
than, and anti-aligned with, the 2 Mn2+ spins. As the
system has tetragonal (a = b) symmetry as well as orbital
degeneracy, the Y-K spin ordering is doubly-degenerate
(see figure (5)). It is also known that an orthorhombic
structural distortion finally stabilises magnetic and or-
bital ordering in the system at around 32K. Thus, in
the next section, we show how a spin-lattice coupling
lifts the spin-degeneracy via a orthorhombic distortion
of the Mn3+ tetrahedra10,21,22, attaining a cell-doubled
6Y-K spin-ordered ground state.
IV. SPIN-LATTICE INTERACTION IN THE
SPINEL
Although the geometrical frustration of the spinel lat-
tice is relieved by the tetragonal distortion, a two-fold
degeneracy remains in the choice of the nature of the
exchange interactions between spins in the XZ and Y Z
planes, J′BB , in a given tetrahedron. This can be ob-
served in equation (16) above. As shown in Fig.(6) be-
low, these two degenerate configurations are associated
with different orthorhombic (a6=b) lattice distortions of
the system21. Studies of the effects of a spin-lattice cou-
pling in spinel45,46 and pyrochlore10 systems show how
magnetic ordering can be achieved via orthorhombic dis-
tortions. In seeking the eventual stabilisation of magnetic
order in orthorhomically-distorted Mn3O4, we follow an
analysis similar to Ref.(10).
Allowing for a dependence of the superexchange con-
stant Jij on the distance between spins at sites i and
j, the contribution of such a pair to the exchange
energy9,47,48 is given by
Eij = [J + (dJ/dr)δrij + .....](~Si · ~Sj) . (17)
Therefore, the spins exert on each other a force,
−(dJ/dr)(~Si · ~Sj), which is attractive or repulsive de-
pending on the angle between the two spins. In general,
the angles between the nearest-neighbour spins placed
at the vertices of a lattice can be unequal. This leads
naturally to an unbalanced force acting on each spin, co-
operatively resulting in a deformation of the lattice. Such
a spin-lattice coupling has been called the “spin-Teller”
interaction46,47, and whose form is taken be49
HSL =
∑
i,j
(∂Jij/∂r)(~Si · ~Sj)δrij , (18)
where δrij is the elongation along the one axis (a or b),
and ∂Jij/∂r is itself a negative quantity.
Due to inter-orbital interactions, tetrahedra of Mn3+
spins already tetragonally distorted (i.e., have a reduced
symmetry, c > a = b). From the spin-orbital Hamilto-
nian, we know that the spin-exchange couplings in the
XY planes is strong and antiferromagnetic. This makes
it plausible that, among all possible phonon modes for
a tetrahedron, a weak spin-lattice coupling will likely
lead to an orthorhombic distortion. The form of the or-
thorhombic force is given by47
f= (~S1 − ~S2) · (~S3 − ~S4)/2
or (~S1 − ~S2) · (~S4 − ~S3)/2 , (19)
where the distortion corresponding to the first term is
shown in figure (6(a)) and that corresponding to the sec-
ond in figure (6(b)). The energy of the system then has
the form
E = −J ′f · δr + kδr2/2 , (20)
(a) (b)
1
2
3
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4
FIG. 6. (Color online.) The two orthorhombic forces given
in equation (19). Dotted lines correspond to the repulsive
forces between spins and the resultant elongation of the plane
on which they are lying, while solid lines correspond to at-
tractive forces and resultant compression of the plane. (a)
This configuration support elongation along y-axis while (b)
supports elongation along x-axis.
where δr is the amplitude of orthorhombic distortion,
J′ (= ∂J/∂r) and k are the magneto-elastic and elastic
constants respectively.
Now to consider the collective orthorhombic distortion
(q = 0), we have to take into account the fact that the
relevant degree of freedom arises from the existence of
two different types of tetrahedra in a spinel, namely A
and B (as shown in figure (7)), that differ in their orienta-
tion. At linear order in the displacements, there are only
A
B
A
B
A
B
(a) (b) (c)
FIG. 7. (Color online.) Two nearest-neighbour tetrahedra
A and B in a spinel lattice with their respective orientations
of the Mn3+ ions. In all three configurations, the XY plane
interaction is strong and antiferromagnetic. The spin-lattice
coupling leads to an overall distortion along [010] direction in
figure (a), along [100] direction in figure (b), and along the
[110] direction in figure (c) leading to a cell-doubled Yafet-
Kittel spin state.
two active modes which couple to the spins – Eg(acoustic
mode, overall orthorhombic distortion) and Eu (optical
mode, tetrahedrons distorted in exactly opposite direc-
tion). These two modes can be expressed in terms of the
scalar quantities
Qg =
QA +QB√
2
, Qu =
QA −QB√
2
. (21)
The spin -lattice energy is then
E(fA, fB , QA, QB) = J ′(QA.fA+QB .fB) +
kg
2
|Qg|2
+
ku
2
|Qu|2 . (22)
7The minimisation of this energy with respect to the two
lattice modes Qg and Qu we have
E(fA, fB) =− (Kg +Ku)(|f
A|2 + |fB |2)
4
−Kg −Ku
2
fA.fB , (23)
where Kg/u = J
′2/kg/u are the effective spin-lattice cou-
pling constants. The first term in the expression of the
energy is the self-interaction term for individual tetra-
hedra, and second term is the interaction term between
tetrahedra.
In the limit Kg > Ku (i.e., Eg mode softens first),
the distortion of the two tetrahedra have the same na-
ture, i.e., in order to minimise energy, fA and fB have
to support a distortion along same axis (see figure(7(a),
7(b)). However, in the limit Ku > Kg (i.e., Eu mode
softens first), the two tetrahedra distort in an equal and
opposite manner, i.e., fA and fB elongate along x- and y-
axis respectively (see figure (6)). Clearly, this case leads
to a doubling of the magnetic unit-cell, as observed in
various experiments on Mn3O4
19–22,28. There remains
one subtlety worth discussing. We recall that our analy-
sis yielded two degenerate configurations of the orbitals
(characterised by the mixing angle θ = ±pi/2) in the
tetrahedral phase. This immediately leads to two degen-
erate possible cell-doubled structures: each of the two-
sublattices can have an orbital state with either θ = pi/2
or θ = −pi/2, with an alternation leading to the doubling
of the unit cell. A spontaneous symmetry breaking mech-
anism will, of course, be needed to choose between these
two cell-doubled structures. This mechanism can, for in-
stance, arise from the choice of the magnetic easy-axis in
the system. In Mn3O4, this is due to the Mn
2+ spins.
Here, if the easy axis is along the [110] direction, the or-
bital angle of cell A is θ = pi/2 and cell B is θ = −pi/2
(see figure(7)(c)), while for the easy axis being [11¯0] the
orbital angles of the two sublattices are exchanged.
A. Comparison with experiments performed at
low-temperature
We will now attempt a comparison of the results ob-
tained from our theoretical analysis thus far with the ex-
perimental observations on Mn3O4 at low temperatures.
The experiments probe the interplay of a magnetoelastic
coupling and external magnetic fields on the magnetic
and structural ordering of the system20,22,28. We begin
by recalling that for T < 32K, the ordered magnetic state
involves a cell-doubled state of distorted tetrahedra (as
discussed above). When an external magnetic field is ap-
plied along the [100] direction with T < 32K, Nii et.al.22
observe a transition to a state with uniformly distorted
tetrahedra. This can be understood as follows. The ap-
plication of the field, −Bx(Sxi +Sxj ), will naturally mean
that spins in the XZ plane will favour alignment along
the [100] direction. This ferromagnetic alignment in the
XZ planes spins (~Si.~Sj = +1) supports a uniform oder-
ing of the orbitals with the orbital angle θ = −pi/2 in
equation (16) (see figure(4)). Further, such uniformly
distorted tetrahedra will cause a softening of the acous-
tic Eg mode (see equation (23)), eventually overturning
the cell-doubled ground state. Similarly, when the B-
field is applied along the [010] direction, spin alignment
is favoured along the y-axis (−By(Syi +Syj )). In turn, the
ferromagnetic alignment in the YZ planes (~Si.~Sj = +1)
supports a uniform orbital ordering with θ = pi/2 (see fig-
ure(4)). Once again, the magnetoelastic coupling ensures
that the cell-doubled state will eventually be replaced
with a state comprised of uniformly distorted tetrahe-
dra. This is again in keeping with the observations of
Ref.(22).
(a) (b)
FIG. 8. (Color online.) (a) Application of a magnetic field
( ~B) along the [110] easy-axis enhances the spin-lattice inter-
action even for T > 32K, and leads to an elongation along the
same direction. Red arrows show the spin components along
the c and easy axes. (b) Application of a sufficiently large
magnetic field along the [11¯0] direction in the orthorhombi-
cally distorted phase below 32K leads to a rotation of the
easy axis towards [11¯0]. The spin-lattice interaction will then
lead to an elongation along this direction. Red arrows show
the spin components along the c and [11¯0] directions.
The experiments by Kim et. al.20,28 show, on the other
hand, that for temperatures 32K < T < 42K, the appli-
cation of a magnetic field greater than 1 Tesla along the
magnetic easy axis (the [110] direction, due to the Mn2+
spins) leads to the lattice being distorted from tetrago-
nal to orthorhombic. Insight into this finding can again
be gained as arising from an increase of the spin-lattice
interaction resulting from the applied external magnetic
field. The magnetization will now be maximum when the
magnetic moments align along the [1¯1¯0] direction. While
the Yafet-Kittel configuration involves a canting of the
Mn3+ spins away from the easy axis ([110]), the applica-
tion of a sufficiently large external magnetic field along
the easy axis will cause them to align along the [1¯1¯0]
direction (see figure 8(a)). In turn, this leads to an in-
creased spin-lattice interaction in equation (23), resulting
in an orthorhombic distortion even for T > 32K.
Further, Kim et al. also observe that by applying the
magnetic field along the [11¯0] direction (i.e, a field trans-
verse to the [110] easy axis of the system) for T < 32K, a
8structural transition takes place towards an orthorhom-
bic distortion along the [11¯0] direction as the applied
field is gradually increased. At intermediate values of the
transverse field, the system appears to be in a tetrago-
nal phase with a loss of the magnetic ordering. These
findings can be understood by noting that the transverse
field rotates the choice of the easy axis from its natu-
ral direction ([110]) to its perpendicular direction ([11¯0])
(see figure 8(b)). The passage from one to the other will
also involve a change from one cell-doubled state of or-
thorhombically distorted tetrahedra (cell A with orbital
angle θ = pi/2, cell B with θ = −pi/2) to another in
which the orbital angles for the two sublattices are ex-
changed. As discussed above, both configurations are re-
sultant from the model for the magnetoelastic coupling.
Further, at the transition, fluctuations between the two
orthorhombic configurations are large and we can expect
the outcome to be a tetragonal phase for the system in
which the Yafet-Kittel spin order is lost.
V. DISCUSSION AND SUMMARY
We have, in this work, developed and analysed a mi-
croscopic model for the understanding of orbital and
spin ordering in the Mn3O4 spinel. Our analysis demon-
strates that the qualitative properties of the spinel can
be explained by a spin-orbital Hamiltonian derived by a
careful consideration of the 90o nature of the Mn-O-Mn
bonding angle, as well as the different electronic energy
states of the Mn3+ ion. In this way, we realised that
the charge transfer (or Goodenough) superexchange pro-
cess is of greater importance than the direct (Anderson)
superexchange for the 90o metal-ligand-metal bond (see,
for instance, equn.(1)). Upon considering superexchange
interactions together with Jahn-Teller orbital-lattice cou-
pling, we find that inter-orbital interactions are much
stronger than spin-orbital as well as spin-spin interac-
tions. This indicates that orbitals will likely order at
energy scales much higher than the spins. Further, the
nature of the orbital ordering will influence the nature of
the spin ordering.
A consequence of the 90o bonding angle is that the
interaction energy between a pair of Mn3+ ions is less
for similar orbitals (θi ' θj) than dissimilar orbitals
(θi ' θj+pi). With this in mind, a variational analysis of
our Hamiltonian yields a mixed orbital configuration in
the tetragonal phase of the spinel. This mixed ordering
of the orbitals then plays an important role in reliev-
ing the geometric frustration of spins in a Mn3+ tetrahe-
dron. In the tetragonal phase, small values of the effec-
tive spin exchange couplings lead to spins ordering along
one-dimensional chains along the [110] and [1¯10] direc-
tions, and the experimentally observed three-dimensional
Yafet-Kittel (Y-K) type spin ordering is delayed till very
low temperatures. The canted nature of the spins in the
Y-K state of Mn3+ tetrahedra arise from the competing
weak antiferromagnetic Mn3+-Mn3+ (JBB) and Mn
2+-
Mn3+ (JAB) spin exchange couplings. This results in
the ferrimagnetic Y-K spin ordering of the Mn3O4 spinel
system. Further, we have shown that a spin-lattice cou-
pling finally lifts the two-fold degeneracy of the Y-K spin
configuration via an orthorhombic distortion, leading to
a cell-doubled Y-K state. Our model for the spin-lattice
interaction is also able to explain the experimentally ob-
served effects of an external magnetic field effect on the
Y-K state20–22,28.
We end by outlining some open directions. Kim et
al. show that a cell-doubled orthorhombic phase with
the magnetic easy-axis along the [110] direction can be
manipulated using a magnetic field leading to a similar
phase with the easy-axis along [1¯10], with an interme-
diate tetragonal phase in which the Y-K spin order is
lost20. It remains an open question on whether such a
fluctuation-induced tetragonal phase can be stabilised at
yet lower temperatures using, for instance, pressure. As
suggested by a recent experiment on the perovskite mag-
netic insulator KCuF3
50, a quantum orbital-spin liquid
state could potentially be realised in Mn3O4. Further,
experimental signatures of the mixed nature of the or-
bital state may be possible to detect in, for instance,
X-ray measurements carried out in the low-temperature
orthorhombic phase36. Finally, in a future work, we will
present results on the orbital and spin excitation spec-
tra in various ordered phases; this could also be useful in
tracking the passage between competing ground states.
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APPENDIX
In this appendix, we present the detailed contributions
to various superexchange (SE) couplings from the “M”,
“O” and “N” configurations in addition to that presented
in section II
9[M, ↑↓; ↑↑] = 2[TtD] + 2[TtS]
[M, ↑↑; ↑↓] = [TtD] + [TsD] + [TtS] + [TsS]
[M, ↑↑; ↓↓] = 2
3
(
[TtD] + [TtS] + [DtD] + [DtS] + [GtD] + [GtS]
)
[O, ↑↑; ↓↓] = [DtD] + 2[DtS] + [StS]
[O, ↑↓; ↓↑] = 1
2
(
[DtD] + [DsD] + 2[StD] + 2[SsD] + [StS] + [SsS]
)
[N, ↑↑; ↑↑] = 4[TtT ]
[N, ↑↑; ↑↓] = 2
3
(
[TtT ] + [TsT ] + [TtD] + [TsD] + [TtG] + [TsG]
)
[N, ↑↑; ↑↓] = 2
3
(
[TtT ] + [TsT ] + [TtD] + [TsD] + [TtG] + [TsG]
)
[N, ↑↑; ↓↓] = 4
9
(
[TtT ] + [DtD] + [GtG] + 2[TtG] + 2[DtG] + 2[TtD]
)
[N, ↑↓; ↓↑] = 2
9
(
[TtT ] + [TsT ] + [DtD] + [DsD] + [GtG] + [GsG]
+2[TtD] + 2[TsD] + 2[TtG] + 2[TsG] + 2[DtG] + 2[DsG]
)
[N, ↑↓; ↓↓] = 4
3
(
[TtT ] + [DtT ] + [GtT ]
)
(24)
Using above equations, one can write the various superex-
change constants (K) in equation (8). For the triplet
configuration at metal ions sites, this gives
KTL =
∑
σ,σ′
[L, ↑↑;σσ′] , (25)
while for the singlet configuration, we obtain KSL =
2K↑↓L − KTL , where σ, σ′ ∈ {↑, ↓}. In obtaining a more
compact form of the Hamiltonian (7), one has to put
the expression for various projection operators in the ex-
pression. The final form of the spin-orbital Hamiltonian
is shown in equation (11) with superexchange constants
given by
Jτ =
1
2
(JOO − 2JOM + JON )
=
1
18
[{
9(SS)+ + 4(GG)+ + (DD)+ + 6(DS)+ + 18{TG}+ + 456
10
[TtT ] +
184
10
[TsT ]
}
−
{
12(GS)+ + 9{TD}+ + 27{TD}+ + 4(GD)+
}]
, (26)
Jσ = −1
2
(JSO + 2J
S
M + J
S
N )
= − 1
18
[{
21(DD)− + 9(SS)− + 16(TT )− + 30(DS)− + 20(DG)− + 12(GS)−
}
−
{
40(TD)− + 24(TS)− + 16(TG)− + 4(DD) + 4(GG)
}]
, (27)
Jν = −1
2
(JSO − JSN )
= − 1
18
[{
9(DD)− + 9(SS)− + 18(DS)− + 16(TD)− + 16(TG)− − 4(DD)− 4(GG)
}
−
{
16(TT )− + 8(DG)−
}]
, (28)
10
and
Jµ = −1
2
(JSO − 2JSM + JSN )
= − 1
18
[{
9(SS)− + 16(TT )− + 6(DS)− + 8(TD)− + 24(TS)−
}
−
{
3(DD)− + 4(DG)− + 12(GS)− + 16(TG)− − 4(DD)− 4(GG)
}]
. (29)
In these expressions,
[XtY ] =
t4
4
∆X + ∆Y
∆2X∆
2
Y
Up − Jp
∆X + ∆Y + Up − Jp (30)
[XsY ] =
t4
4
∆X + ∆Y
∆2X∆
2
Y
Up + Jp
∆X + ∆Y + Up + Jp
, (31)
[XsY ] > [XtY ], with X,Y  {T,D, S,G} . Further, the
expression
(XY )+ =
t4
40
∆X + ∆Y
∆2X∆
2
Y
[
6(Up − Jp)
∆X + ∆Y + Up − Jp
+
4(Up + Jp)
∆X + ∆Y + Up + Jp
]
. (32)
As ∆X + ∆Y + Up  Jp , we may write
(XY )+ =
t4
40
∆X + ∆Y
∆2X∆
2
Y
(10Up − 2Jp)
∆X + ∆Y + Up
. (33)
As Up > Jp , it can be seen that (XY )+ > 0. Similarly,
(XY )− = − t
4
40
∆X + ∆Y
∆2X∆
2
Y
Jp
∆X + ∆Y + Up
, (34)
{XY }+ = t
4
360
∆X + ∆Y
∆2X∆
2
Y
[
(160Up − 104Jp)
∆X + ∆Y + Up
]
, (35)
and
(XY ) =
t4
20
∆X + ∆Y
∆2X∆
2
Y
[
Up
∆X + ∆Y + Up
]
. (36)
For the Mn3O4 system,
∆T = ∆− 4JH , ∆D = ∆ + 53JH
∆S = ∆ +
13
3 JH , ∆G = ∆ + JH
}
, (37)
and ∆ = U − JH . In the plots of various SE constants
shown in figure (3), we have employed realistic values of
various constants for the Mn3O4 spinel taken from the
literature16,31,34,35, .
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